We put forward a tight-binding model for rhombohedral topological insulators materials with the space group D 5 3d (R3m). The model describes the bulk band structure of these materials over the whole Brillouin zone. Within this framework, we also describe the topological nature of surface states, characterized by a Dirac cone-like dispersion and the emergence of surface projected bulk states near to the Dirac-point in energy. We find that the breaking of the R3 symmetry as one moves away from the Γ point has an important role in the hybridization of the px, py, and pz atomic orbitals. In our tight-binding model, the latter leads to a band mixing matrix element ruled by a single parameter. We show that our model gives a good description of the strategies/mechanisms proposed in the literature to eliminate and/or energy shift the bulk states away from the Dirac point, such as stacking faults and the introduction of an external applied electric field. 
I. INTRODUCTION
Topological insulator (TI) materials have attracted a lot of attention over the recent years [1] [2] [3] . Their unusual metallic surface electronic structure on an inverted bulk band gap and the time reversal (TR) topological protection of these states, which forbids the backscattering, make TIs very fascinating materials [1] [2] [3] [4] [5] [6] . Due to the advances in synthesis techniques 7 and their simple mathematical 8 and computational modeling 9 , Bi 2 Se 3 -like materials have been referred as the "hydrogen atom" of the 3DTI
10 . These systems have been proposed as platforms for spintronic devices based on the control of induced magnetic moment direction 11 , surface barriers 12 , and single-atom magnetoresistance 13 . In addition to the metallic surface topological protected states in a insulating bulk, experiments find that Bi 2 Se 3 -like materials exhibit electronic scattering channels, attributed to the presence of bulk states near in energy to the Dirac point 1, 5, 14 . These ubiquitous bulk states are believed to prevent the observation of the expected unusual electronic and transport properties governed by surface states in 3DTIs [14] [15] [16] . First principles GW calculations for surface states [17] [18] [19] show that bulk states of Bi 2 Se 3 thin films are shifted below the Dirac point, while this is not the case for Bi 2 Te 3 . In contrast, other bulk band structure calculations show that there is barely any energy separation between the Dirac point and the bulk valence band maximum [19] [20] [21] . This is at odds with recent experimental results 16 that, by investigating Shubnikov-de Haas oscillations in this material, showed the coexistence of surface states and bulk channels with high mobility.
In order to obtain insight on this problem and understand the experimentally observed magnetotransport properties of thin films of rhombohedral TI materials, one needs an effective model capable of describing both the topological surface states as well as the bulk ones over the whole Brillouin zone. In addition, the effective Hamiltonian has to account for the presence of external magnetic fields and be amenable to model disorder effects, which is beyond the scope of first principle methods. The main purpose of this paper is to put forward a tight-binding model that fulfills these characteristics.
Based on symmetry properties and k · p perturbation theory, Zhang and collaborators 8 derived a Diraclike Hamiltonian model describing the low energy band structure around the Γ-point of Bi 2 Se 3 -like 3DTIs. Subsequently 22 , a tight-binding effective model has been proposed to describe the Brillouin of these systems, realizing both strong and weak TIs. However, the basis set used in such works fails to account for bulk states in the energy vicinity of the Dirac point and, hence, their effect on the electronic properties.
Here, we propose an effective tight-binding model that provides insight on the above mentioned bulk states close to the Fermi energy that potentially spoil the bulkboundary duality. In the presence of disorder these states can mix with the surface ones, quenching the topological properties of the material. We also use our model to discuss some known mechanisms to cause an energy shift of the bulk states, such as, stacking faults 23 and applying an external electric field 24 . This paper is organized as follows. In Sec. II, we derive a tight-binding model for Bi 2 Se 3 -type 3DTI materials, that is based on their crystal structure symmetries and reproduces the bulk ab initio band structure calculations, thus describing the continuous bulk states near the Fermi level. In Sec. III we calculate the surface modes and discuss the microscopic origin of the bulk states in these materials. In Sec. IV we study mechanisms to eliminate and/or shift the bulk states below the Fermi surface. Finally, we present our conclusions in Sec. V. The paper also contains one Appendix containing a detailed technical description of the effective model and the tight-binding parameters for both Bi 2 Se 3 andBi 2 Te 3 compounds.
II. TIGHT BINDING EFFECTIVE MODEL
We begin this section by reviewing the key symmetry arguments that allow one to obtain a simple effective tight-binding model for Bi 2 Se 3 -like 3DTIs. Next, we present the ab initio electronic structure calculations on which our effective tight-binding model is based.
The crystalline structure of Bi 2 Se 3 -like 3DTIs is formed by Quintuple-Layers (QL) characterized by D 5 3d (R3m) point group symmetries 5 . The Bi 2 Se 3 QL unit cell is composed by two bismuth and three selenium atoms 5 . The QL-QL interaction is weak, mainly ruled by the Van der Waals-like interaction 5, 8, 23 . This allows one to model each QL unit cell by a triangular lattice site. Following the approach presented in Ref. 8 , the Bi 2 Se 3 hexagonal unit cell is conveniently described by three triangular lattice layers stacked in the z direction, instead of considering three QL unit cells. This simple model preserves the symmetries of the D 5 3d (R3m) point group, namely: i ) threefold rotation symmetry R 3 along the z axis, ii ) twofold rotation symmetry R 2 along the x axis, iii ) inversion symmetry P, and iv ) time-reversal symmetry T .
It is well established 5, 8 that the bulk wave function at the Γ point can be accurately described by a set of few effective states {|Λ τ J , j z }. Here, τ is the state parity, J is the total angular momentum with projection j z on the z axes, and Λ labels the Bi and Se orbital contributions. We use these states to obtain an effective Hamiltonian that reproduces the bulk states of rhombohedral TIs calculated using ab initio methods.
The first-principle calculations are performed within the Density Functional Theory (DFT) framework 25 , as implemented in the SIESTA code 26 , considering the onsite approximation for the spin-orbit coupling 27, 28 . The Local Density Approximation (LDA) 29 is used for the exchange-correlation functional. Figure 1 summarizes our ab initio results for Bi 2 Se 3 . The color code represents the contribution of the Bi and Se p z orbitals and the Se p x p y atomic orbitals to the electronic structure. The main orbital contributions are associated with p orbitals corresponding to J = 3/2, 1/2 and j z = ±3/2, ±1/2 states (Fig. 1a) . To conserve the total angular momentum the |Λ ± 3/2 , ±3/2 effective states must be a linear combination of p x and p y orbitals, whereas the |Λ ± J , ±1/2 states correspond to a linear combination of all p orbitals (Fig. 1b and Fig. 1c) . The symmetry properties of the |Λ τ J , j z states are discussed in Appendix A. The bulk Valence Band Maximum (VBM) is located along the Z → F symmetry path, as shown in Fig. 1a . In addition, one finds two local maxima, denoted by VBM', along the F → Γ and Γ → L lines, both close to the Γ-point. In line with previous results 22 , we observe that both VBM and VBM' have a strong p z Se orbital character. However, we find that the so far neglected p x p y orbitals play a key role for an accurate description of the orbital composition of the valence band maxima, as we discuss below.
Along the Γ → Z symmetry line, the R 3 symmetry is preserved. Thus, the |Λ 1/2 , ±1/2 and |Λ 3/2 , ±3/2 effective states do not mix. In contrast, in the Γ → L and Γ → F paths the R 3 symmetry is broken. This allows for the hybridization of p z atomic orbitals with p x and p y ones. We find that this hybridization can be rather large, as clearly shown by Figs. 1b and 1c, where we present the Se orbital composition of the J = 1/2 and J = 3/2 bands along the Brillouin zone.
Since the valence band maxima do not belong to the Γ → Z symmetry line, their orbital composition is a superposition of all p Se-atomic orbitals. As a consequence, a minimal Hamiltonian aiming to effectively describe VBM and VBM' needs to take into account the states associated with the p x and p y orbitals, instead of including just the states with p z character 8, 22 . To calculate the surface electronic structure in the presence of surface projected bulk states, we consider a tight-binding model with eight states, namely, the |Se 
where H 1/2 (k) is the standard 4×4 Hamiltonian discussed in the literature 8, 22 , that considers only |Bi For a given total angular momentum J the matrix el-
where the states are labeled by i = (Λ, J, τ, j z ), ε ii (k) are on-site energy terms, and t ii c = n, Λ τ J , j z |H|n + c, Λ τ J , j z are the corresponding nearest neighbor QL hopping terms, with n ν and τ indicating lattice site and orbital parity, respectively. Here c = a ν or b ν , where ±a ν stands for the 6 intra-layer nearest neighbor vectors of each triangular lattice, namely, a 1 = (a, 0, 0), a 2 = (−a/2, √ 3a/2, 0), a 3 = (−a/2, − √ 3a/2, 0), while ±b ν denotes the 6 inter-layer nearest neighbors vectors,
, c/3) with a = 4.14Å and c = 28.70Å 5 . Exploring the system symmetries, we find constraints relating the nearest neighbors QL hopping terms t ij c , thereby reducing the total number of possible hopping terms from 432 to 30 independent ones (see Appendix A). The corresponding 30 tight-binding parameters are determined by fitting the tight-binding model bulk band structure to the one calculated with DFT, shown in Fig 2. We present the complete Hamiltonian and provide more details on the fitting procedure in Appendix A.
The proposed Hamiltonian captures the low-energy ab initio band dispersion, even for k-points far from Γ, overcoming an intrinsic limitation of the k · p models proposed in the literature to describe the band inversion at the Γ point. We show in the Appendix A how to reduce our model to a k · p Hamiltonian by taking the approximation k → Γ and relating, for instance, the hopping terms t ii aν and t ii bν to the perturbation theory parameters of Ref. 8 . The inclusion of additional bands does not affect the band inversion, for instance, the J = 3/2 bands have much lower energies than the J = 1/2 bands.
III. THIN FILMS
In this section we calculate the electronic band structure of rhombohedral TI thin films. We take the QLs parallel to the xy-plane and define the z-axis as the stacking direction. The thickness of the films is given in terms of N QL , the number of stacked QLs. The surface corresponds to the outermost QLs. The surface states correspond to the ones spatially localized in these QLs.
We modify the bulk tight-binding Hamiltonian defined in Eq. (1) to account for a finite number of layers. The slab Hamiltonian consists of intra-and inter-layer terms, namely
The basis is given by |n, k x , k y , Λ τ J , j z with corresponding creation (annihilation) operators given in compact notation by c † n (c n ). The intra-layer matrix elements read
The latter are similar to those of Eq. (2), but restricted to two-dimensions, namely, k = (k x , k y ). In turn, the inter-layer term,
provides the coupling between nearest neighbor QLs planes.
It is well established that a bulk band inversion occurs between states dominated by p z Se and Bi atomic orbitals with different parities 5 . The four states |Se − 1/2 , ±1/2 and |Bi + 1/2 , ±1/2 form a good basis to describe the surface states at the k-points near the Γ point 8, 22 . However, similarly to bulk systems, this reduced basis also fails to correctly describe the bulk states close in energy to the Dirac point in thin Bi 2 Se 3 films. To better understand the importance of the J = 3/2 states, let us first consider a thin film described by the Hamiltonian H 1/2 (k) projected out from H slab . Figure 3 shows the finite size effects and how the band structure is modified by increasing N QL 31 . For N QL 3 one clearly observes the appearance of surface states and the formation of a Dirac cone. For N QL 1 the bulk band gap is recovered. We stress that without the J = 3/2 states, the model does not show VBM bulk states close to the Fermi level, as expected from the analysis of bulk band structure (see, for instance, Fig. 1 ). Moreover, within this simple model the band structure close to the Dirac point along the Γ → K and Γ → M paths are identical, which is a rather unrealistic symmetry feature.
The J = 3/2 states modify significantly the electronic band structure. Figure 4 summarizes the results we obtain for the 8×8 total effective Hamiltonian, Eq. (1). Even for a few QLs, the shape of the surface band structure reproduces the qualitative behavior observed in the bulk LDA-DFT calculations. Figure 4 shows that as N QL is increased, the Dirac cone is formed and bulk states appear in the vicinity of the Fermi level turning the system into a metal. 
IV. APPLICATION: BULK STATES ENGINEERING
Several strategies have been proposed and used to suppress the scattering channels associated with the continuous bulk states, like for instance, alloy stoichiometry [32] [33] [34] [35] , application of an external electric field 24 , stacking faults 23 , and strain 36, 37 . Let us now use the effective model put forward in the previous section to discuss some of these known strategies to shift the bulk band states away from the Dirac point energy, defined as ε = 0.
Our analysis is based on the observation that the energy of the bulk states along the Γ → M symmetry path depends very strongly on the in-plane interaction between |Se − 1/2 , ±1/2 and |Se + 3/2 , ±3/2 states. We find that by increasing the matrix elements associated with the mixture of the above states the bulk states are shifted up in energy, as shown by Fig. 5 .
Hence, as previously proposed 35 , one way to engineer the VBM and VBM states is by substituting the Se atoms by chemical elements that do not spoil the topological properties of the material and reduce the interaction between |Se the surface at the highest potential energy can be shifted above the VBM, leading to a suppression of the scattering channels between the topologically protected metallic surface states and the bulk states. We describe this effect using our tight-binding effective model by modifying the on-site term ε(k)δ ij in the inter-layer matrix elements associated with each QL. As a result, Eq. (4) becomes
whereε n (k) = ε(k) + nceE 0 /N QL , n is the layer index, and e is the electron charge. This simple approach captures the shift of the Dirac cone located at the surfaces corresponding to the QL with n = N QL and n = 0. Figure 6a show the effect of an electric field of E = 5 × 10
V/Å on a thin film of N QL = 9. Another band engineering strategy has been suggested by ab-initio atomistic investigations on the role played by extended defects, like stacking faults, on the structural and electronic properties of 3D topological insulators 23 . In R3m structures the typical stacking is a ABCABC configuration, that is, each QL is rotated with respect to its adjacent QL by 120 o . When a QL is "removed" leading to a ACABCA, ABABCA, or ABCBCA stacking configuration, the defects is called an intrinsic stacking fault. The inter-QLs distance decreases as a consequence of these stacking faults, making the Van der Waals interQLs interaction weaker and changing the on-site potential of the QLs in which the structural defect is located 23 . Thus, it is relatively easy to account for this effect within our model, namely, we rewrite the on-site energy and the inter band interaction as ε n (k) − δε 0 and t ij bν − δt. Stacking faults nearby the surface layers of Bi 2 Se 3 give rise to a positive energy shift of the bulk states with respect to their energy in a pristine system 23 . This shift is typically about 75 meV. Thus, we obtain a qualitative description of the stacking faults effect by fitting δε 0 and δt to the DFT results only for the QLs with this structural defect, see Fig. 6 . Our simplified model and description allows for the study of thin films with a large number of QLs.
V. CONCLUSIONS
We have revisited the band structure calculations of rhombohedral topological insulators, both bulk and thin films, and investigated the occurrence of bulk states at the Fermi level. Based on ab initio calculations, we construct a simplified tight-binding model considering the states with angular momentum J = 1/2 and J = 3/2 and therefore, taking explicitly into account the p x p y Se orbitals contributions.
Our model shows that the energy of bulk states near the Dirac-point is associated with a band mixing, which is mainly ruled by the hopping term between p z and p x p y states. The valence band maximum appears in the symmetry path in which the R 3 symmetry is broken. In this situation, the J = 3/2 states can mix with the J = 1/2 ones.
We illustrate the versatility of our tight-binding model by studying some strategies to eliminate and/or shift the bulk states away from the Fermi surface. We show that the band structures obtained using our simple model reproduce qualitatively very well computationally costly ab initio calculations found in the literature.
In summary, we show that our simple effective model captures the main surface band structure features, allowing to explore strategies to perform a continuous bulk states engineering and opening the possibility to model disorder, which is ubiquitous in rhombohedral TIs and beyond the scope of ab initio calculations. As discussed in the main text, the form of proposed effective Hamiltonian is obtained by considering symmetry arguments only, which allows one to address the complete family of rhombohedral materials. In turn, the model parameters are determined by fitting the electronic properties obtained from a given first principle calculation.
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Let us begin recalling that the effective Hamiltonian H(k), Eq. (1) reads
The states with effective angular moment J = 3/2 are combination of two representations of the double group D 5 3d (R3m). Therefore, we consider the states with defined representation:
and
The states {|Λ τ J , j z } are transformed by the symmetries operator as 1. Threefold rotation R 3 :
2. Twofold rotation R 2 :
3. Inversion P:
4. Time reversal T :
|Λ, ±1/2 → ± |Λ, ∓1/2 .
These symmetry transformations relate the hopping terms to each other, as shown for t 11 cν = 0, Bi Table I . Table I . Symmetry operations on the hopping matrix element t 
These relations allow us to write the matrix elements in a simplified way. For instance, the matrix element [H(k)] 11 , Eq. (2), is written as 
Using Table I , α 11 (k) can be rewritten as
Time-reversal symmetry T and the two-fold rotation R 2 impose the relation t In the same way, we use the symmetry operations to calculate all terms for the Hamiltonian matrix elements describing rhombohedral TIs, which also imposes the sign and imaginary phases of the hopping terms, as presented below.
The 4×4 Hamiltonian H 1/2 (k), associated with the |Se − 1/2 , ±1/2 and |Bi + 1/2 , ±1/2 states, reads
H.c.
where the diagonal α ii matrix elements are given by
while the off-diagonal ones read
The 4×4 Hamiltonian, H 3/2 (k), associated with the |Se − 3/2 , ±3/2 and |Bi + 3/2 , ±3/2 states is written as
where
The diagonal on-site energies ε i of the matrices H 1/2 (k) and H 3/2 (k) are given in Table II . Finally, the interaction matrix H int (k) is parametrized in block form as
where the γ's are 2× 2 matrices given by 
Let us define
where c = a or b, to write
Symmetry considerations allow us to reduce the number of the model parameters to 30 independent ones. The latter are determined by a least-square fitting the bulk band structure obtained from the DFT calculation described in Sec. II for Bi 2 Se 3 and Bi 2 Te 3 rhombohedral materials. The obtained on-site matrix elements are given in Table II, while the hopping matrix elements are  shown in Table III . The important parameters for the TI nature of the material are contained in the H 1/2 Hamiltonian. The role of the mass term (on-site term) in the band inversion is very well established in the literature, as well as all remaining matrix elements in H 1/2 8, 22 . The novelty here are the additional states that correctly account for surface projected bulk states, in which we have focused our discussion and are represented by H 3/2 . As discussed in Fig. 1b and Fig. 1c , we do not use an energy criterion, but rather the total angular momentum and 
